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Abstract. Many real-life networks can be modelled by stochastic processes 
with a spatial embedding. In such processes, the link probability decreases with 
distance. Using the theory of graph limits, we show how to recognize graph 
sequences produced by random graphs with a linear embedding (a natural 
embedding into R). We define an operator F which applies to graph limits, 
which assumes a value zero precisely for graph limits of random graphs with 
a linear embedding. Moreover we introduce a corresponding graph parameter 
r* and show that, for graph sequences which converge to a graph limit under 
the cut-norm, the r*-values converge to the F-value of the limit. Thus, graph 
sequences that have diminishing r*-values can be seen as the result of a random 
graph process with a linear embedding. Finally, we investigate random graphs 
with a uniform linear embedding, where the probability of a link between two 
points only depends on their distance. 



1. Introduction 

The principal purpose of modelling real-life networks is to be able to extract 
information about these networks. If one assumes such networks are the manifesta- 
tion of an underlying reality, then a useful way to model these networks is to take a 
latent space approach. In this approach, the formation of the graph is informed by 
the hidden spatial reality. The graph formation is modelled as a stochastic process, 
where the probability of a link occurring between two vertices decreases as their 
metric distance increases. 

The spatial reality can be used to represent attributes of the vertices which are 
inaccessible or unknown, but which are assumed to inform link formation. For 
example, in a social network, vertices may be considered as members of a social 
space, where the coordinates represent the interests and background of the users. 
Given only the graph, such a spatial model allows us to mine the underlying spatial 
reality. This approach was taken by Hoff et al. in [18|. Recent spatial models for 
web-based networks, where the vertices clearly exist in an underlying space can 
be found in O [101 [12] ; while protein-protein interaction networks are modelled as 
geometric graphs in |23j . A one-dimensional spatial model, the niche model, is 
proposed in [5S] to model food webs. 
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A fundamental question is to determine whether a given network structure, ob- 
tained from a real-hfe network, is compatible with a spatial model. That is, given a 
graph, how can we judge whether this graph is likely generated by a spatial model, 
and if so, what arc the dimension and other characteristics of the underlying metric 
space? This question can be answered if a sequence of graphs (snap shots of the 
stochastic process) is available. 

Past efforts have used graph sequences to model dynamic data (sec for example 
[T51 [50]). More recently, graph sequences themselves have become a field of active 
study, where the notion of convergence and the nature of the limit of such graph 
sequences are developed. A theory of graph limits for sequences of dense graphs 
has emerged. 

In the theory of dense graph limits, put forth by Lovasz and Szegedy in |21j . 
convergence is based on homomorphism densities, and the limit is a symmetric 
function. The theory was developed and extended to sequences of random graphs 
by Borgs et al. in [6l [71 19] and is being explored further by Lovasz and co-authors, 
and others (see for example [HI [TTl [22] )• As shown by Diaconis and Janson in 
[15], the theory of graph limits is closely connected to the probabilistic theory of 
exchangeable arrays. A different view, where the limit object is referred to as a 
kernel, is provided by Bollobas, Janson and Riordan in [Tl[2]. The connection with 
the results of Borgs et al. and an extension of the theory to sparse graphs are 
presented in [4]. 

The approach we take in this paper to characterize graphs with a spatial em- 
bedding is based on a paper by Bollobas, Janson and Riordan on monotone graph 
limits. In this paper, a graph parameter £7 is introduced which assumes value zero 
only for threshold graphs. It is then shown that sequences of graphs for which 
converges to zero have a limit that is a monotone function. Thus, monotone graph 
limits can be seen as generalizations of threshold graphs. 

Diaconis, Holmes and Janson also consider the limits of threshold graphs, see 
[15j . In j25j . they similarly consider the limits of interval graphs. Note that the one- 
dimensional geometric graphs mentioned in our paper are a special class of interval 
graphs, namely unit interval or proper interval graphs. However, the authors of 
[25| focus on different properties and generalizations of interval graphs, and their 
results do not apply to the problems we consider here. 

We show that examining the limit of a graph sequence allows us to conclude, 
with high probability, if the graphs have a spatial embedding. In this work we only 
consider random graphs with linear cmbcddings i.e. embeddings in R. Wc consider 
embcddings in K in the most general sense: A graph has a linear embedding if, for 
a vertex d, and a constant a G [0, 1], all the points with link probability to v that 
is greater than a lie in an interval around v. We also consider the case of uniform 
cmbcddings, where the link probability to a vertex only depends upon the distance 
from the vertex. 

Given a sequence of graphs {G„} with graph limit w, we introduce techniques to 
use w to recognize whether the graphsG^ have a linear embedding. This is explained 
in Section[3l We introduce a new graph parameter F*, and its continuous analogue, 
r, which applies to symmetric measurable functions. We show that the limit of the 
sequence {r*(G'„)} is closely related to T{w). In particular r*(G„) — >■ as n — )■ oo 
if and only if w has a linear embedding. In Section [21 we briefly review the results 
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from the theory of graph hmits. Finally, Section [5] contains proofs too long to be 
included in the main body of the paper. 



In this section we summarize the basic definitions and results from the theory of 
graph limits, insofar as they are relevant to this paper. For more background, the 
reader is referred to the papers referenced in the introduction. In this section, we 
follow the terminology of [2Tj . 

Let F and G be two simple graphs, let hom{F, G) be the number of homomor- 
phisms of F into G. The homomorphism density of F into G is defined as 



The homomorphism density can be interpreted as the probability that a random 
mapping V{F) — ^ y{G) is a homomorphism. 

Let Gn be a sequence of simple graphs such that |y(G,i)| oo. Wc can define 
a notion of convergence based on homomorpism densities. 

Definition 2.1. We say that the sequence {G„} converges if for every simple graph 
F, the sequence {t{F,Gn)} converges. 

This definition of convergence is non-trivial only for dense graphs, i.e. for graph 
sequences {Gn} with the property that \E{Gn)\ = Vl{\V {Gn)\'^). When {G„} con- 
sists of sparse graphs, then for all graphs F with at least one edge, t{F, G„) 0. 

A natural metric space to define the convergence of a graph sequence and its 
limit object is the space of all symmetric, measurable functions from [0, 1]^ to [0, 1]. 
We will denote this space by Wo- We also denote by W the space of all the bounded 
symmetric measurable functions from [0, 1]^ to R. We can extend the definition of 
homomorphism densities to W as follows. For each function w € W, let 

(1) t{F,w) ^ / TT w{xi,Xj)dxi . . .dxk 

where V{F) = {l,2,...,fc}. 

A simple, finite graph G, with adjacency matrix A and with V{G) = {1,2,..., 7i}, 
can be represented by a function wq G Wq, which takes values in {0, 1}. Split the 
interval [0, 1] into n equal intervals Ii, I2 ■ . . , !„ ■ Now for (x, y) G x 7^, 



Our definition of wg differs slightly from that given in [21] since we give the 
diagonal blocks /.j x /j value one, not zero. This choice was made to preserve 
the "diagonally increasing" nature of the function. It is a convenience and is not 
essential for the results. 

Note that a graph could be represented by many different functions wq. Each 
labelling of the vertices of G, would result in a permutation of the rows and columns 
of the adjacency matrix, and lead to a trivially different function. In fact, since a 
graph represents an entire isomorphism class, we need to introduce an equivalent 
notion for functions in W. Let 4? be the set of all invertible maps (j) : [0, 1] ^■ 



2. Preliminaries: graph limits 



t{F,G) 



hom{F, G) 
\V{G)\\^(P) 



(2) 




for i ^ j 
for i ~ j 
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[0, 1] such that both and is inverse are measure preserving. Any e $ acts 
on a function w G W by transforming it into a function w'^, where w'^{x,y) = 
w{(l){x),(f){y)). 

The notion of the convergence of a graph sequence can be better understood if 
W is equipped with a metric derived from the cut-norm, introduced in [16j and 
defined as foUows. For all e W, 



(3) Iklln = sup / w{x,y)dxdy . 

S,TC[0,1] JSxT 

The cut distance is a metric on the quotient space yV/4> derived from the cut 
norm as follows: 

(4) ^□(wi, ti;2) = inf ||wi - lb = ^^P / (""^i ~ ""^2 ) 



Ae* "Ae* s,Tc[o,i] 



SxT 



It was shown in Theorem 2.3 in [9] that a graph sequence {Gn} converges when- 
ever the corresponding sequence of functions wg„ is ^n-Cauchy. Therefore, the limit 
is represented by a function in Wg (not necessarily integer-valued, or corresponding 
to a graph). The homomorphism densities t{F, G„) converge to the homomorphism 
densities t{F, w), and thus the function w (and the isomorphism class it represents) 
encodes the common structure of the graphs of the sequence. For more details, see 

m- 

Finally, given any function w € Woi there exists a random graph sequence 
G(n, w) which almost surely converges to w. The random graph G{n, w) has vertex 
set {1, 2, . . . , n}. Each vertex j receives a value Xj, drawn independently and uni- 
formly at random from [0,1]. For each pair i < j, independently, the probability 
that vertices i and j are linked equals w{xi,Xj). 

3. Linear embeddings and the parameter F* 

In this section, we show how to recognize graph sequences produced by a random 
graph process with a linear embedding. To this end, we will produce a graph 
parameter F*, and a related parameter F which applies to functions in Wo- Using 
graph limits, we will show a close relationship between linear embeddings and graph 
sequences for which F* goes to zero. 

First, we need precise definitions of the concepts discussed in the introduction. 
While this paper is about graphs that can be embedded in the one-dimensional 
space (R, I • |), for completeness we extend our definition to general metric spaces. 
The notation u ^ v signifies "u is adjacent to u" . 

Definition 3.1. A random graph on a vertex set V has a spatial embedding into 
a metric space (S, d) if and only if there exists an injection i: : V S such that 
for every a S [0, 1] and for every v ^ V , there exists a convex region Ra{v) of S 
such that tt(v) S Ra{v), and for all vertices u € V — {«}, Tr(u) £ Rai^) if and only 
if Prohiu ^ v) > a. A linear embedding is a spatial embedding into (M, | • |). 

The notion of spatial embedding can be seen as a "randomized" version of a 
geometric graph. A graph G is called a geometric graph on a metric space {S, d) 
if there exists an embedding tt of the vertices of G in S" such that for every two 
vertices u and v oi u is adjacent to v if and only if d(u,v) < 1. Geometric 
graphs have been studied extensively; see for example [12l[T4l[24]. In this paper, 
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we restrict ourselves to geometric graphs on the one dimensional space (R, | • |) and 
will refer to these as one-dimensional geometric graphs. If we interpret a graph as a 
random graph with link probabilities equal to zero or one, then clearly a geometric 
graph has a spatial embedding. 

Wc introduce first a graph parameter T*, which characterizes geometric graphs 
in (M, I • I). One-dimensional geometric graphs arc also known as unit interval 
graphs. The correspondence becomes clear if wc associate each vertex u of a one- 
dimensional geometric graph with the interval [tt{u) — ^,tt{u) + where tt is 
the geometric embedding. Now vertices u and v are adjacent precisely when the 
associated intervals overlap. 

It is well known that unit interval graphs are characterized by the consecutive Is 
property of the vertex-clique matrix (see |17| ) . Restating this property, it follows 
that a graph G is one-dimensional geometric if and only if there exists an ordering 
-< on the vertex set of G such that 

(5) yv,z,w G V{G), V < z < w and v ^ w ^ z ^ v and z ^ w. 

To be self-contained, we present a direct proof below. 

Proposition 3.2. A graph G is a one- dimensional geometric graph if and only if 
there exists an ordering -< on V{G) that satisfies Q). 

Proof. The "if" direction is clear. To prove the converse, wc proceed by induction. 
Suppose that for every graph G with k < n vertices, if V{G) satisfies ([5]) for 
an ordering ^, then there exists a linear embedding tt of vertices of G, with the 
additional conditions that n is injective, and that the distance between adjacent 
vertices is strictly less than one. Also, we assume that the embedding respects the 
ordering ^, so u ^ w implies that tt(u) < ^{v). 

Suppose that G is a graph with n vertices, and there exists an ordering -< on 
vertices of G which satisfies ([5]). 

Let {vi, . . . ,Vn} be the vertices of G labeled such that Vi -< Vj whenever i < j. 
The ordering -< restricted to V {G)\{vn} satisfies Condition ([S]) for G— u„. Thus, by 
the induction hypothesis, G ^ Vn has a linear embedding tt of V(G) \ into the 
real line which satisfies the additional conditions. Suppose that m is the smallest 
index such that Vm is adjacent to w„. Let £ — niax{7r(iJ„_i), 7r(?Jm_i) + 1}. and 
consider the interval {£, 7r(i',„) -f 1). By the induction hypothesis, 7r(u,„_i) < 7r(w„j), 
and, since Vm and w„ arc adjacent, so arc u„i and Vn^i, and thus 7r(w„_i) < TT{vm) + 
1. This implies that £ < 7r(w„j) + 1, and thus the interval is non-empty. Moreover, 
every point in the interval has distance greater than one to all embeddings of non- 
neighbours of Vn, and distance less than one to all embeddings of neighbours of w„. 
Therefore, choosing 7r(i;„) in this interval results in a linear embedding of V{G) 
with the desired properties, and we are done. □ 

Using Condition ([5]), we define a parameter F* on graphs which identifies the 
one-dimensional geometric graphs. Let G be a graph with a linear order -< on its 
vertices. For every v G V{G), we define the down-set D{v) and the up-set U{v) of 
V as follows: 

D{v) ^{xe V{G) :x<v} and U{v) ^ {x e V{G) :v^x}. 
For every vertex v, the collection of all the neighbours of v is denoted by N(v). 
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Definition 3.3. Let A C V{G), and -< be a linear order of the vertex set of G. We 
define, 

r*(G,^,A) - ^—Y^[\N{v)c^Ac^D{u)\-\N{u)c^Ac^D{u)\]^ 

+ E [l^(^) - U{v)\\^, 



where 



We also define 



and 



X if X > 
otherwise 



T*(G,^)= max r*{G,^,A), 

ACV(G) 



r*(G) = mmr*(G,-<), 
where the minimum is taken over all the linear orderings ofV{G). 

Proposition 3.4. A graph G is one- dimensional geometric if and only ifT*[G) = 
0. 

Proof. Let G be a one-dimensional geometric graph, and A be an arbitrary subset 
of V{G). Let ^ be a linear ordering that satisfies Condition ([5]). Fix an arbitrary 
pair of vertices u ^ v of G. By Condition if z belongs to N{v) f^ AC] D{u) 
then z is adjacent to u as well. Thus \N{v) n A n D{u)\ < \N{u) (1 A Ci D{u)\. 
Similarly, one can show that \N{u) H An U{v)\ < \N{v) O AO U{v)\, which implies 
that r*(G, -<) ^ 0. Thus r*(G) ^ 0. 

Conversely, let G be a graph such that r*(G) = 0. Let -< be the linear order of 
V{G) such that r*(G, ^) = 0. Let u ^ vhe an arbitrary pair of adjacent vertices of 
G, and take z so that u ^ z ^ v. Since r*(G, -<, A) = for aU A C V{G), choosing 
A = {v} gives that 1 = \N{u)r]{v}r]U{z)\ < \N{z)n{v}nU{z)\. This implies that 
z is adjacent to v. Similarly, one can show that z is adjacent to u. Thus Condition 
(H} is satisfied for G, and G is a geometric graph. □ 

Next, we extend Condition ([S]) to functions in Wq. The generalization is obtained 
by considering functions representing graphs, as introduced in the previous section. 
Let G be a one-dimensional geometric graph with a linear ordering -< of vertices 
that satisfies Condition ([5]). Let wq be the function in Wq that represents G with 
respect to the labelling of V{G) obtained from the linear ordering -<. It follows 
that wg{x,z) = 1 and x < y < z imply that wcix^y) = 1 and WGiy,z) = 1. We 
generalize this property as follows: 

Definition 3.5. A function w £ W is diagonally increasing if for every x^y^z g 
[0, 1], we have 

(1) X < y < z ^ w{x, z) < w{x, y), 

(2) y < z < X ^ w{x, y) < w{x, z). 

A function w in W is diagonally increasing almost everywhere if there exists a 
diagonally increasing function w' which is equal to w almost everywhere. 



LINEAR EMBEDDINGS OF GRAPHS AND GRAPH LIMITS 



7 



Clearly, a graph is a one-dimensional geometric graph if and only if it has a 
function representative in Wo which is diagonally increasing. (Remember that we 
assume the function representative to have all blocks on the diagonal equal to 1.) 
Indeed, the function representative will be the function wg where the vertices are 
ordered according to a linear ordering that satisfies Condition ([5]) . More important 
is the connection between diagonally increasing functions and linear embcddings, 
as given below. 

Proposition 3.6. If w £ Wo is diagonally increasing, then the w-random graph 
G{n,w) has a linear embedding. 

Proof. We may assume w.l.o.g that w{x,x) = 1 for all x £ [0,1]. (Namely, if w 
and If' are equal almost everywhere, then G{n,w) — G{n,w').) Consider G{n,w). 
Its vertex set V is chosen u.a.r from [0,1]. This constitutes a linear embedding. 
Namely, fix a € [0, 1] and v E V. Let R ^ {x E M. : w{x,v) > a}. Because w is 
diagonally increasing, R is an interval containing v, and hence convex. Since the 
probability that two vertices x and v are adjacent is equal to w{x,v), the result 
follows. □ 

The converse is also true, in the sense that, if for all n, the w-random graph 
G{n, w) has a linear embedding, then w'^ is diagonally increasing for some map G 
$. (As explained in the previous section, graph sequences converge to equivalence 
classes of Wo given by transformations by such maps (f>.) The proof follows as an 
easy corollary from the results presented later in this section. 

Next, we introduce a parameter F which generalizes the graph parameter T* to 
functions in W. We will see that F identifies the diagonally increasing functions. 

Definition 3.7. Let A denote the collection of all measurable subsets of [0, 1]. Let 

w be a function in W, and A Cz A. We define 



Moreover, T[w) is defined as 

T{w) = sup^g_4F(u;, A), 
where the supremum is taken over all the measurable subsets of [0, 1]. 

It follows directly from the definitions that any function w £ W which is almost 
everywhere diagonally increasing has T{w) = 0. The converse also holds, as is 
stated in the following Proposition. The proof is technical, and is given in Section 



Proposition 3.8. Let w be a function in Wo- The function w is diagonally in- 
creasing almost everywhere if and only ifV{w) = 0. 

A graph G can be represented as a function wq G Wq, but it is not necessarily 
true that T*{G) ~ T{wg), even when the representation wq is obtained by using 
the ordering of the vertices that achieves F*(G). This is due to the fact that a 
set A which determines the value of V{w) does not have to be consistent with the 
partition of [0, 1] into n equal-sized parts on which wg is defined. However, we can 
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show that T*{G) and T{wg), computed using the same ordermg of the vertices, are 
asymptotically equal. This follows directly from Theorem 15.11 which is stated and 
proved in Section [5] 

Proposition 3.9. Let G be a graph of size n, and let -< be a linear order of the 
vertices of G which achieves T*{G), i.e. T*[G) = r*(G, -<). Let wg be the function 
in Wo that represents G with respect to the linear order -< of the vertices of G. 
Then 

T*{G)^T{wg) + 0{-). 

n 

Our final result is that the parameter F is continuous under the cut-norm. In 
particular, let {G„} be a graph sequence converging to a limit w G Wq, and let ^„ 
be appropriate labellings of vertices of G„ such that the functions in Wq represent- 
ing Gn with respect to ^„ converge to w in cut-norm. Then r*(G„, converges 
to r(w). However, in order to study the limit of the sequence {r*(G„)}, we need 
to define the following parameter. 

Definition 3.10. Let w be a bounded function in W. We define the new parameter 
f to be 

f{w) = inf r(w'^). 

Note that (F) extends the notion of F to the quotient space yV/$. 

Proposition 3.11. Let w G Wo be the limit of a convergent sequence {G„}„gN of 
graphs with \V(Gn)\ — > oo. Then {F*(G„)}„gN converges to T{w) as n oo. 

This proposition follows as a corollary from Theorem 15.51 which is stated and 
proved in Section [5l 

Specifically, this means that a graph sequence {G„} converges to a diagonally 
increasing function precisely when {F*(G„)} goes to zero. If a graph sequence con- 
verges to a graph limit w, then the graphs in the sequence have approximately the 
same homomorphism densities as the w-random graph. Moreover, the w-random 
graph has a linear embedding. Therefore, the graphs in the sequence are struc- 
turally similar to those produced by a random graph process with a linear embed- 
ding, and thus their vertices have a natural interpretation as points in R. Moreover, 
the optimal order for F* gives the order in which points should be placed in M. This 
justifies our assertion that F* is a parameter that measures "embeddability" in R. 

4. Uniform linear embeddings and integer-valued graph limits 

In a random graph with a spatial embedding, the probability of linking to a 
particular vertex v decreases with distance, but the rate of decrease may depend 
on the particular vertex v, and on the direction in which the distance increases. 
In this section, we consider the question when the embedding can be chosen to 
be uniform, so the probability of a link between two vertices depends only on the 
distance between them. 

Definition 4.1. A random graph on a vertex set V has a uniform spatial embedding 
into a metric space (S*, d) if and only if there exists an injection n : V S and 
a decreasing function Spr : [0, 1] — > M.~^ U {0} such that for every a G [0, 1] and for 
every v £ V, for all vertices u £ V \ {v}, d{'K{u),iT{v)) < Spr{a) if and only if 
Prob{u ~ w) > a. 
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A function w G Wo has a uniform spatial embedding into a metric space (S, d) if 
there exists an injection tt : [0, 1] — > S" and a decreasing function fpr : U {0} — > 
[0,1] such that for almost every x^y G [0,1], w{x,y) = fpr{d{'n{x),T:{y))). 

A uniform linear embedding is a uniform spatial embedding into (M, | • |). 

Clearly, for a given function w € Wo, the w-random graph G(n, w) almost surely 
has a uniform spatial embedding precisely when w has a uniform spatial embedding. 
Moreover, the functions fpr and Spr are each other's inverse, in the sense that, for 
all a G [0, 1] and x G R+ U {0}, fpr{x) < a if and only if 5pr{a) < x. 

The function fpr can be interpreted as the maximum distance where the link 
probability is above a given value. The function 5pr gives the link probability 
as a function of distance. Clearly, a uniform spatial embedding is also a spatial 
embedding in the sense of Definition 13.11 In a spatial embedding, the cmbcddings 
of all vertices that have link probability greater than a to vertex v must be contained 
in a convex region containing v. In a uniform spatial embedding, this convex region 
must be a ball of radius Spr{a) around v. 

In this section, we consider integer- valued graph limits, and answer the question 
when such graph limits have a uniform linear embedding. In particular, we take a 
closer look at diagonally increasing functions in Wo which only assume values zero 
or one. Consider such a function w : [0,1] {0,1}. From the properties given 
in Definition p.Sp . we conclude that each point x E [0, 1] can be associated with 
an interval = [£{x),r{x)], so that w{x,y) = 1 if and only if ?/ G Ix- (Note that 
the intervals could also be open or half open; we will assume that all intervals are 
closed, since this affects at most a set of measure zero.) 

The functions i and r arc (not necessarily strictly) increasing. Namely, assume 
the contrary, so there exist x,y so that x < y and l{x) > £{y). Then there exists 
z so that £{y) < z < £{x) < x < y. So z G /y and z ^ I^, and thus = w{x, z) < 
w{y, z) = 1. This contradicts the fact that w is diagonally increasing. See Figure[T] 
for an example. Note that the discontinuity in £ corresponds to an interval where r 
is constant. Thus if r and £ are both strictly increasing, they are both continuous. 

Since w is symmetric, for all y < x we have that y > £{x) if and only if a; < r(y). 
Thus, r completely determines w almost everywhere. Let c = inf{x : r(x) = 1}, so 
r{x) = 1 on (c, 1], and r{x) < 1 on [0,c). See also Figure [T] If r is continuous and 
strictly increasing on [0, c], then r can be realized as £~^ on [0, c], and 1 everywhere 
else. 

If we shrink the intervals to half the size, or precisely, we define the associated 
interval I* = [x — x + ^''^^~^ ], then we have that w{x, y) = 1 if and only if 

I* n I* 0. Thus, w can be considered as an uncountably infinite interval graph. 
Moreover, since £ and r are increasing, we have that it is a proper interval graph. 
It is a folklore result that finite proper interval graphs can be represented as unit 
interval graphs (note that this also follows from Proposition 13.21 ) In other words, 
there exists an embedding of the vertices in R so that vertices u and v are adjacent 
if and only if the distance between the cmbcddings of u and v is smaller than one. 

We ask whether w satisfies a similar property. Precisely, does there exist an 
injectivc map tt : [0, 1] — > R so that for almost every x and y. 



(6) |7r(a;) — 7r(j/)| < 1 w{x, y) ~ 1, and |7r(a;) — 7r(j/)| > 1 w{x, y) = 0? 



10 



CHUANGPISHIT ET AL. 




Figure 1 . An example of an integer- valued, diagonally increasing 
graph limit w. The grey area is where w equals 1, elsewhere w 
equals zero. The functions £ and r form the boundaries of the grey 
area. 

Clearly, tt is a uniform linear embedding in the sense of Definition 14.11 Moreover, 
any uniform linear embedding of w can be transformed in a map satisfying the 
property above by multiplication by a constant. 

To see the relevance of this question, consider a sequence of one-dimensional ran- 
dom geometric graphs formed as follows. To generate Gn, n points are chosen from 
M according to a given distribution with a strictly increasing cumulative distribu- 
tion function F (that is, the probability of choosing a member from the interval 
[a, b) equals F{b) — F{a)). Points are made adjacent if and only if their distance is 
at most 1. This sequence converges to an integer- valued graph limit wp given by 

WF{x,y) = 1 if and only if \F^'^{x) - < 1. 

Namely, the random graph Gn is exactly the Wi^-random graph: choosing an ele- 
ment X uniformly at random from [0, 1], and then placing it at F~^(x) is exactly 
the same process as choosing a point from R according to a distribution with cdf 
F. 

The function wf obtained from a random geometric graph process therefore has a 
uniform linear embedding given by F~^ . Conversely, if a uniform linear embedding 
TT exists for a given integer-valued function w, and if tt is strictly increasing, then 
the w-random graph is exactly the one dimensional random geometric graph where 
points are chosen from M according to a distribution with cdf F = tt~^. 

Let us first introduce the following definitions. 

Definition 4.2. Let w G Wo be diagonally increasing. Let i{x) and r(x) be so that 
w{x, y) = 1 if and only if £{x) < y < r{x). We call w consistent if the functions £ 
and T are strictly increasing whenever they are not equal to zero or one. For any 
consistent function w, define 

L{w) = {ze{0,l]:£{z) = z}, and 
Riw) = {ze [0,1) :r(z) =z}. 
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Any element z of L or i? indicates a point where the functions i and r meet 
the diagonal x = y. Thus, the intervals associated with points near z become 
infinitesimally small. Since, in the embedding, all intervals must have the same 
length, this can only be accommodated if the embedded values near z are allowed 
to go to infinity. 

Theorem 14.31 below establishes when a uniform linear embedding exists, in the 
case that w is consistent. If w is consistent, then any clement z G (0, 1) for which 
£(z) = z must also have r{z) = z. Therefore, z will be in L(w) H R(w). The 
condition for existence of a uniform embedding, as given by the following theorem, 
is that |L(w)| + < 2. Thus, this means that either L(w)\JJi(w) = {z}, where 

< z < 1, or L(w) U R[w) C {0, 1}. 

We believe the results for the existence of uniform embcddings of {0, l}-valued 
functions can be extended to more general functions, and will explore this in future 
work. The proof of the theorem can be found in Section O 

Theorem 4.3. Let w G Wo be diagonally increasing, integer-valued and consistent. 
Then w has a uniform linear embedding tt : (0, 1) — R if and only if \L(w)\ + 
|^(^^)| < 2. A strictly increasing uniform linear embedding exists precisely when 
L{w)UR{w) C {0,1}. Moreover, \tt\ is bounded if and only if L{w) U R{w) =0. In 
this case, tt extends to [0, 1]. 

We conclude with an example of a graph sequence which converges to an integer 
limit. 

Example 1. Define a graph sequence {G„} as follows. Let V{Gn) = {z} U X UY, 
where X — {xi, . . . , Xn} and Y = {j/i, . . . , y„}. Vertex z is adjacent to xi and yi, 
and no other vertices. No edges exist between X and Y. For all i < j, Xi is adjacent 
to Xj precisely when j <2i, and yi is adjacent to yj precisely when j < 2i. 

Clearly, each G„ is a one-dimensional geometric graph. In particular, if the 
vertices are ordered so that yi -< yj if and only if i > j , Xi ^ Xj if and only if z < j, 
and yi < z and z -< Xi for all i, then Gn with this ordering satisfies Condition ([5|). 
The sequence {Gn} with this ordering converges to an integer- valued, diagonally 
increasing graph limit w so that w{x,y) = 1 if and only if y G [i(x),r{x)], where 



and £{x) is defined accordingly. 

Using the definitions from Theorem l4.31 we see that L{w) = R{w) = {1/2}. We 
can define a uniform linear embedding as follows: 



It is straightforward to verify that tt is a uniform linear embedding. For example, if 
{^iV} ^ [0il/2) and x <y, then w(x,y) = 1 precisely when y < r{x) — l/A + x/2. 
This occurs precisely when 1/2 — y > 1/4 — x/2. By taking logarithms, this means 
that log2(l/4- ?//2) + 1 > log2(l/4 - x/2) and thus |7r(a;) - 7r(y)| < 1. 

Note that each graph G„ is connected, while the embedding has an isolated point 
corresponding to z, and two disjoint pieces corresponding to X and Y . Moreover, 
the embedding tt does not respect the ordering of the vertices in [0, 1). 




if a; G [0, 1/2] 
1/2) if a; G (1/2,3/4' 
if X G (3/4,1], 
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5. Proofs of the main results. 

Wc start this section by introducing some notations which wih be used later. 
Let w £ W, and A and B be measurable subsets of [0, 1]. We define wiA, B) to be 
the average of w on Ax B, i.e. 



'w{A, B) ^ — — — - / w{x,y)dxdy 



fx{A)fiiB) 



AxB 



where n is the Lebesgue measure on [0, 1]. Let n be a positive integer. For each 
< I < n — 1, let /i = ^]. We define the symmetric functions w„, and 
w~ on [0, 1]^ as follows. 

= w{IiJj) for < i, j < n - 1, 
Wn{x,y) = a {x,y) £ X Ij, 

<-i,j+i if (2;, 2/) e X & 1 < i < j < 71 - 2 
{x, y) = { if (a;, y) e Iqx Ij 

ii{x,y) & hx In^i, 

'^ni^^y) = { 1 if (x, ?/) e /, X /, 

1 if {x,y) e It X 

Let A and B be subsets of [0, 1]. We say ^ < S if every a in A is smaller than or 
equal to every 6 in -B. 

We now give the proof of Proposition 13.81 which states that a function w E Wo 
is diagonally increasing almost everywhere if and only if T{w) = 0. This proof is 
inspired by the proof of Lemma 4.6 of [3]. However, we include the proof to make 
the paper self-contained. 



Proof of Proposition \3.8[ Clearly, if w is diagonally increasing almost everywhere 
then r(w) =0. To prove the other direction, let w be a function in Wq with 
T{w) = 0. Let A, B, and C be subsets of [0, 1] such that C < A < B. Since 
r(w) =0, for almost every y £ A and almost every z G B, 

(7) / w{x,z)dx< / w{x,y)dx. 
Jxec Jxec 

Taking repeated integrals of both sides of Equation ([7]) over A and then B and then 
dividing by n{A), we conclude that 

(8) / z)dxdz < ^-T-rl I w{x, y)dxdy. 

Similarly, one can show that for subsets A, B, and C of [0, 1] with A < B < C, we 
have 

(9) / w{x, y)dydx < / w{x, z)dzdx. 
Jaxc /"(-°) Jbxc 

Applying the above inequalities to the sets Ii, we have that for every {x,y) G [0,1]^, 
w~{x,y) < Wn{x,y) < w^{x,y). Now let A and B be subsets of [0,1]. From 
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Equations ^ and ^ it follows that, if0<i<j-2<n-3, then 

, , , , f^iBnl.) f / X , , 

w[x,y)axay < — -— ^ / w[x,y)axay 

Using the fact that w is symmetric, we obtain 
■w{x, y)dxdy 

AxB 
n — 1 „ 

/ w{x,y)dxdy 

y / w{x,y)dxdy + / w{x,y)dxdy 

0<t<j-2<n-3 hAnh)x (sn/, ) J{Bnh)x (Ani, ) 



i=o J{Anh)x{Bnii+i) J{Bnu)x{Anii+i) 

n—l ^ 

y2 / w{x,y)dxdy 
.-_n JfAn/,)x(Bn/, ') 



,^0 J (Anh)x(Bnii) 

< J2 (M^n/,)MBn/,) + A'(sn/,V(An/,))<+i.j_i 



0<i<j-2<?i-3 
n-2 



n-1 

^/i(An/,)/^(sn/0 



i=0 



V / w^{x,y)dxdy+ / w^{x,y)dxdy 

0<j<j-2<n-3"'(^n7,)x(Bn7,) ^(sn/,) x (yln/j) 



V / w+{x,y)dxdy + / w+{x,y)dxdy 

n— 1 ^ 

+ V / w+{x,y)dxdy 
.■_n "'(An/.Oxfsn/,') 



^(An/,)x(sn7,) 
w^{x,y)dxdy. 



AxB 

2 



Moreover, since measurable subsets of [0, 1] can be approximated in measure by 
finite union of disjoint rectangles, we get 



w{x,y)dxdy < j w^{x,y)dxdy 

E 



w 



for every measurable subset E of [0,1]^. Thus, w < (and similarly w„ < 
almost everywhere in [0,1]^. This, together with the definitions of and w~, 
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implies that 



till < - u'„ ill = / {11:+ - w^){x,y)dxdy < -. 

J[o.i]^ " 



Using the Borel-Cantelh lemma, we conclude that the sequence {u'2"}neN converges 
to w almost everywhere in [0, 1]^, i.e. ip •= l™sup„g[^ i/;2" = w almost everywhere. 
Finally, by Equations (|8]) and (j9]), each Wn is a diagonally increasing function. 
Therefore, ip is diagonally increasing as well. □ 



Next is the proof of the fact that for any graph G, the difference between the 
graph parameter T*{G) and the associated function parameter T{wg) is bounded 
by a function of n, the size of G, which goes to zero as n grows large. Since wg is a 
function constant on the sets li x Ij , this result follows directly from the following 
theorem. Recall from Definition 13 . 71 that A denotes the collection of all measurable 
subsets of [0, 1]. 



Theorem 5.1. Let n £ N. Let w e W fee a function bounded by c, which is 
measurable with respect to the product algebra ^* x where the algebra ,4* is 
generated by the intervals {/^ : < i < n — 1}. Then T{w) = sup^g_^r(i(;, ^) = 
max^e^. r(iz;,A) + 0(f). 

Proof. Let n e N and w € W be as above. Note that w is constant on the rectangles 
li X Ij, since it is measurable with respect to the product algebra y^* x For 
each J, J G {0, ... ,n — 1}, let w{x,y) = whenever (x,?/) G li x Ij. Fix A G A, 
and let Pk = IJ-{AnIk) for every < fc < n — 1. The expression for r{w,A) as given 
in Definition 13.71 can now be simplified. 

Consider y < z so that y g li and z G Ij. If i = j, then for all x, w{x,z) = 
w{x,y), so /^g^n[o,y] i^i^'^) - w{x,y)) dx]_^^0. li < i < j < n - 1, then 



{w{x,z) -w{x,y))dx]^ 
xeAn[o,y] 



/ {akj-aki)dx+ / {oij - ai^)dx] _^ 

['^^l{AfMk){akJ - ak,) + pL{AfM, n [0, y])(a,j - a,,)] 



fc=0 



\ k=Q ^ / 



In the last step, we use the inequality [a; + < + + , and the fact that w 
is bounded by c, so \ii{A 0/^0 [0,?/])(aij- — aii)\ is at most 
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Similarly, we have that 

[ / {w{x,y) - w{x, z)) dx]^ 



xeAn[z,i] 

n-l 

[ ^J.{A^\ Ik){ak^ ~ akj) + fJ.{An Ij n[z,l]){aj, - ajj)]_^ 

k=3 + l 



Using this, we can bound r(w. A): 



nw,A) < y] I I {[yykiakj-ak^)]^ + -]dydz 



0<i<j<n-l 



0<i<j<n-l 



/ 


f ( 


/ 


u 



n 



/./.([ X! I^kiakt- akj)]^ + ^ \ dydz 



c(n — 1) 



<j<n-l k=0 



^ — / -'■' + 

0<i<j<n-l k=j + l 



Now define, 

gw{A) = 5^(^o, ■ • ■ ,/3n-l) 



^ I i—1 n—1 

0<j<j<n-l V k=0 k=j + l 



Thus, 



(10) r(u;,A)<,g„(A) + ^^^^V^<5.„(A) + -. 

Similarly, one can use the inequality [a; + > [x]^ — \y\ to show that 

2c 



(11) T{w,A)>gUA) 



n 



Since a; i— ^ [a;]-|- is a convex function, g^, is the sum of convex functions, and therefore 
is itself also convex. Moreover, since f3k G [O'^Ij Itie function g^, achieves its 
maximum when each of the coefficients f3k is either or i. Since /3fc = ^{Af] Ik), 
this implies that the maximum is achieved when, for each k, either A contains Ik, 
or is disjoint from Ik- Hence, sup^g_4(7u, (A) = max^g^* guj(A). 
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Let A' G be such that maxAe^* QwiA) = gw^A'). Then, by Equation (fTOj) 
and (fTTj) we have, 

2c 2c 
supFfw, A) < sup(7u,(A) H — max gui(^) H 

= g^iA') + -<r{w,A') + - 
n n 

4c 

(12) < niaxr(w,A)H . 

^ ' ~ A^A* ^ ' ' n 

On the other hand, we clearly have 

(13) max T{w,A) < supT{w,A). 

AeA:^ A^A 

Finally Equations (fT2|) and ([T3| imply that 

4c 

|supr(ti;, A) - max T{w,A)\ < — . 
AeA ^^-^n n 



□ 



Corollary 5.2. Let G be a graph with n vertices, and wq be the function in Wg 
that represents G with respect to a linear ordering -< of the vertices of G. Then 

r{G,-i)^T{wG) + 0{-). 

n 

Proof. Let A e A'!^, and define A ^ {0 < i < n - 1 : li <Z A} . From the proof of 
Theorem 15.11 it is easy to observe that T*{G, -<,A)— ^^^(A), and gwdA) — f < 
r{wG,A)<g^^{A) + ^.Thns, 

2 ~ 2 

maxF*(G, ^,^) < maxF(wG,^)< max F*(G, ^, A) + -. 

AeA;^ n Ai^A*^ A^A*^ n 

Using Theorem l5.11 we conclude that |F*(G, ^) — F(u'g)| < -I, and wc arc done. □ 

Finally, wc prove that the function parameter F is continuous under the cut- 
norm. This is a direct consequence of Theorem l5.5l Let us first present the following 
lemma. 

Lemma 5.3. Let w : [0,1]'^ — > [—2,2] be a measurable function with \\w\\a < ^■ 
Then 11^x11 □ < 2^||w||n, where 

f \ — j ^ ^ ^ y 

X[x, J/j = I otherwise ' 

Proof. Let ^ {{x,y) : < x < y < 1} denote the subset of points above the 
diagonal in [0, 1]^. Define k = \—^ — 1, which is at least two by our condition on 

w. Now, we can decompose into k — 1 rectangles and k triangles as shown in 
Figure [5l Precisely, the i-th rectangle has width ^ and ranges from y = ^ to y = 1, 
and each triangle has base and height equal to ^ . By the definition of the cut norm, 
the integral of w over each of the rectangles is at most ||w||a; in absolute value. 
Also, each of the triangles has measure and there are k triangles in total. Since 
is bounded by 2, the integral of w over the triangles is at most ^{2){k) = i, 
in absolute value. Therefore, we have 
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Figure 2. The decomposition of the set of points above the diag- 
onal as used in the proof of Lemma 15.31 



/o Jo 



wx{x,y)dxdy 



For arbitrary subsets A and B of [0, 1], let xaxb denote the characteristic function 
ofthe subset Ax S of [0,1]2. Clearly | wxAxBXix,y)dxdy\ < 2y^\\wxAxB\\n < 
2y/\\w\\n, which proves that ||wx||d < 2-y||zi;||n. □ 



Lemma 5.4. Let wi and W2 be elements o/Wq with cut-norms bounded by j. Then 
\T{wi) - T{w2)\ < 2\\wi - W2\\n + 2^y\\wl - w^Wn ■ 

Proof. From the definition of F, let 



Tiiw,A) 
T2iw,A) 



y<z 



y<z 



{'w{x, z) — w{x, y)) dx 



x^Ar\[z,i] 



{w{x, y) — w(x, z)) dx 



dydz, 



dydz. 
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Fix a measurable set A ^ A. Using again the inequality [a; + ?/]+ < [a;]+ + [y] + , we 
obtain that 



Tiiwi,A) 



< 



y<z 



y<z 



y<z 



y<z 



xeAn[o,y] 



{wi{x,z) - wi{x,y))dx 



xeAn[o,y] 



{wi{x, z) — W2{x, z)) dx 



xeAr\[0.y\ 



{w2{x,z) - W2{x,y))dx 



dydz 



dydz 



dydz 



xGAn[0,y] 



{w2{x,y) - wi{x,y)) dx 



dydz. 



-I + 



There exists yo,zo € [0, 1] such that 
Ti{wi,A) < 



'yo<z 
+ Ti{w2,A) 



xeAn[a,yo] 



{wi (x, z) — W2{x,z)) dx 



y<zo 



xGAn[0,y] 



{w2{x,y) -wi{x,y))dx 



dz 



dy 



/zSTi Jx£An[0,yo] 

+ Ti{w2,A) 



z) — W2(x, z)) dxdz 
{w2 {x,y)~ wi {x, y)) dxdy, 

yeT2 JxeAn[0,y] 

where Ti and T2 are the appropriate sets of points which make the associated 
expressions positive. From the definition of the cut-norm, it then follows that 

Ti{wi,A) - Ti{w2,A) < \\wi - W2\\n + \\{wi - W2)x\\n- 

Similarly, by switching wi and W2, we get Ti(w2,A) — Ti(wi,A) < \\wi — W2\\n + 
IKifi — W2)xl|n5 which implies that 

\Ti{wi,A) - ri(w2,^)| < \\wi - W2\\n + \\{wi - W2)x||n 

holds for every subset A. Moreover, one can prove the analogue result for Thus, 

|r(u.i,A)-r(u;2,A)| < \riiwuA)^Ti{w2,A)\ + \r2{wi,A)-T2{w2,A)\ 

< 2\\wi - W2\\n + 2\\{wi - W2)x\\n- 

Let e > be given. There exists A C [0, 1] such that r(wi) < r{wi,A) + e. By the 
definition of F, T{w2,A) < F(w2). Thus, 

T{wi) - T{W2) < r{wi,A) + e - T{w2,A) < 2\\wi - W2\\a + 2\\ {wi - W2)x\\a + e, 
which, by switching wi and W2, implies that 

|F(wi) - F(u;2)| < 2||wi - u)2||n + 2\\{wi - u;2)xI|d- 
This fact, together with Lemma [5?3l finishes the proof. □ 
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Recall the definition of F as given in Definition lS.lOl Recall also that $ is the set 
of all invertible maps (p : [0, 1] — > [0, 1] such that both (j> and is inverse are measure 
preserving. The lemmas above lead to the following theorem, which establishes the 
continuity of the parameter F on the space Wq with the cut distance Sn ■ 

Theorem 5.5. Let w e Wq the limit of a Sn-convergent sequence {wn}n<£N of 
functions in Wo- Then {T{wn)}neN converges to T{w) as n oo. 

Proof. Since T{w) ^ inf^g* F(w'^), for each positive integer m there must exist an 
invertible map 0,„ S $ such that \T{w'^"^) — T{w)\ < ^. Fix such a sequence of 
maps 

Fix m G N. Then 

(5n(w„,w"^") = 5n{wn,w) 0, 

as n goes to infinity. By Theorem 2.3 of [9], this convergence implies that there 
exist maps V'n G such that 

\\w^"^ — w'^"^ \\n ^ as n — > oo. 

By Lemma 15.41 we have, 

F(^z;^)^FK") 

Thus, for every m G M, 

limsnp t{wn) < limsupF(u;^'") = F(w'^") < f(w) + — , 
neN neN rn 

which implies that limsup„g[^ F(ii;„) < F(u'). 

To prove the other inequality, let 7 := liminf„gN F(w„), and recall that, by 
assumption, doiwn,w) — >■ as n — >■ 00. Fix < e < 1, and let n G N be chosen 
such that it satisfies 

~ e 
(5d(w„,w) < j^, and |F(w„) - 7I < g- 

In addition, let T/^n G $ be such that \T{wf"^) — T{wn)\ < e/3. By definition of the 
(5n-distance, there exists (/> G $ such that HwJ^" — w'^Hn < and thus, by Lemma 

01 |FKt") - r(w"^)| < 'i^JWwfr -w't'Wu < e/3. Thus, 

\nw^)-i\ < \r{w^)-r{wt)\ + \r{wt)-t{w^)\ + \r{wr.)-j\ 

< e. 

Therefore, for every < e < 1, T{w) < F(w'^) < hminf„gN r(w,i) + e. Combining 
this with the lower bound, we get 

limsupr(w,i) < T{w) < liminf r(?ii„), 
which implies that lim„^oo r(w„) = F(w). 

□ 

Corollary 5.6. Let w G Wo be the limit of a convergent sequence {G„}„gN of 
graphs with \V(Gn)\ ^ 00. Then {F*(G„)}„eN converges to T(w) as n — > 00. 
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Proof. By Corollary 15.21 for any increasing graph sequence {Gn}, the sequence 
r*(G„) converges if and only if the sequence T{wg„) converges, where wq,^ is the 
step function representing Gn with respect to an ordering that is optimal for T*. 
Moreover, if they exist, these limits are equal. Applying Theorem 15. 5[ the result 
follows. □ 



We conclude with the proof of Theorem 14.31 about the existence of a uniform 
embedding. 



Proof of Theorem \4-S\ Let r and £ be the functions defined on [0, 1] as in Definition 
4.21 That is, for all pairs (x, y), w{x, j/) = 1 if £{x) < y < r{x), and otherwise. Let 
c = ^(1). The statement of the theorem assumes that w is consistent, so r and £ are 
both continuous. Also, r is strictly increasing on [0, c], and £ restricted to [r(0), 1] 
equals the inverse of r restricted to [0, c]. It is straightforward to verify that for all 
X < y, y < r{x) if and only if x > £{y). Define a sequence {xi}i>o recursively by 
taking 

(14) xo = 0, and = r{xi) for all i > 0. 

Since {xi} is increasing and bounded by 1, it converges to a limit a < 1. We will 
use the facts listed in the following claim. 

Claim 5.7. Let Xi and a be as above. Then, 

(i) If Xi < a for every i > 0, then i{a) ~ a, so a G L{w). 

(ii) // there exists fc > such that Xi ~ a for every i > k, then a S {0, 1}. 

(iii) (0,a)nL(w) =0. 

(iv) a e L(ti>)Ui?(u;)U{0,l}. 

Proof of claim: By definition, £{a) < a. On the other hand, for every i > 0, 
£{a) > Xi, since Xi+i = r(xi) < a. Thus £{a) > a, which proves (i). 

Suppose that there exists fc > such that Xi = a for every i > k, and Xi < a 
for i < k. Obviously, r{a) = a. If fc = 0, then a = = and a S R{w). Assume 
fc > 0, then r{xk-i) = Xfe = a = f'{a), while Xk-i < a. Since r is strictly increasing 
on [0, c], where c — £{1), this implies that a > c. So r{a) = 1, and thus a = 1. 

To prove (iii), suppose there exists z G (0, a)r]L{w). Since (0, a) C Ui>a{xi, Xi+i], 
there exists an index i such that Xi < z < Xi+i. Now £(z) ~ z, so £{z) > .t,; and 
thus z > r{xi) = Xi+i, which is a contradiction. 

Part (iv) directly follows from (i) and (ii) and the definitions of L{w) and R{w). 

Let us now define a uniform embedding tt recursively on each of the intervals 
{xi,Xi+i) as follows. Let TT{xi) = i for all i, and 

^ if X e ixQ,xi), 

'!r{£{x)) + 1 if a; € {xi,Xi+i) for some i>l. 

If X € {xi,Xi+i] for some i > 0, then £{x) G {xi-i,Xi]. Namely, assume, by 
contradiction, that £{x) > Xi. Then x > r{xi) = Xi+i, which contradicts the 
assumption. Moreover, since £ is strictly increasing on [r(0), 1] and xi = ?'(0), we 
have that £{x) > £{xi) = Xi-i. Thus, tt is well-defined on [0,a). Moreover, since 
the function ^ is strictly increasing, and £ is strictly increasing on [a;i,l], tt is 
strictly increasing on [0, a). Clearly, tt is an increasing uniform linear embedding of 
w\[o,a)x[Q,a) into R-", i.e. every pair x,y G [0,a) satisfies Equation (jG]). If Xk — a. 
for some index fc € N, then the embedding extends to a, so tt is an embedding of 
w|[o,a]x[o,o]- Moreover, in this case tt is bounded above by fc. 



(15) 7t{x) = 
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Assume that + < 2. Recall that this means that either L{w) U 

R{w) = {z}, where < z < 1, or L{w) U R{w) C {0, 1}. Consider the following 
cases: 

Case 1: Suppose that L{w)U R{w) C {!}. By definition, this implies that R{w) — 
0, so r(0) > 0, and thus a > xi > 0. Therefore, a = 1, and tt is a uniform linear 
embedding from [0, 1) into By (i) of the claim, if < 1 for every i > 0, then 

1 G L{w), and tt is unbounded. If L{w) = 0, then there must exist an integer k 
with Xk ~ I- In this case, tt is a bounded uniform linear embedding from [0, 1] into 

Case 2: Assume L{w)UR{w) = {0}, so R{w) = {0} and L{w) = 0. Let </> : [0, 1] 
[0, 1] be defined as 0(a;) = l — x. Clearly, (/) is a one-to-one, onto, measure-preserving 
map which reverses the order on [0, 1], and w'^ is a diagonally increasing integer- 
valued element of Wo- It is easy to see that z G L{w) (respectively R{w)) if and 
only if 0-^^) e (respectively L(w'^)). Thus, L{w'^) = {1} and i?(w'^) = 

0. Thus w'^ satisfies the conditions of Case 1, and there exists an (unbounded) 
uniform linear embedding tt of w'^ into that satisfies Equation Clearly, 
TT o (j>~^ : (0, 1] — > M-" is a uniform linear embedding of w. 

Case 3: Assume L{w) U R{w) C (0,1). Let {xi} be the sequence defined in 
Equation (jl4p and let a be its limit. By (iv) of the claim and the assumption of 
this case, we must have that L{w) = R{w) = {a} and < a < 1. In fact, since £ is 
strictly increasing on [r(0), 1] and a> xi = r{0), we have that a = £{a) < £{1) = c. 
Since r is strictly increasing on [0, c], we can argue by induction that Xi < a for all 
i > 0, and hence the sequence {a;,;}igN is infinite. Namely, assume Xi-i < a, then 
Xi = r{xi-i) < r(a) = a. 

Thus, the map tt : [0, a) defined as in Equation (|15p forms an (un- 

bounded) uniform linear embedding of ''i'|[o.a)x[o.a)- 

To complete the proof, note that the function if |[a ij behaves as described in 
Case 2, and one can apply similar methods to embed the interval (a, 1] into M-~^. 
Namely, define a second sequence {yi} by i/o = 1- Ui+i = ^iUi) for all i > 0. This 
will lead to an infinite sequence with limit a. Now set 7r(yi) = — 2 — i for all i, 
set TT{y) = -2 - for y G (yo,2/i), and 7r(r(y)) - 1 for y G {y^,yi+l), i > 1. 

Finally, let 7r(a) = —1. Since a has no neighbours in [0, a), this is a uniform linear 
embedding. Note that, in this case tt is not an increasing map, so the ordering of 
the embedded points does not follow the ordering of the originals in [0, 1]. 
Case 4: Suppose that L{w) U i?(u;) = {0, 1}, so L{w) = {1} and R{w) = {0}. Let 
{xi} be the sequence defined in Equation (jl4p with initial term xo = i. By a similar 
discussion to Case 1, we have that tt is a uniform linear embedding from 1) into 
To embed the other half of the interval, [0, i], let {yi} be the sequence defined 
in Case 3 with initial term yo ~ xi = t^xq). This is an infinite sequence with limit 
0. Now define 7r'(yj) = 1 - i for all i, tt' {y) = 1 - ^^-^ for y G (yo,2/i), and 
TT'{y) = 7r'(r(j/)) - 1 for y G {yi,yi+i), i > 1. The map tt' : [0,xi] (-oo, 1] is a 
uniform linear embedding. The maps tt and tt' agree on [2;o,xi], which is mapped 
into [0, 1]. Thus, they can be combined to form a uniform embedding from [0, 1] 
into R. 

To show that no uniform embedding exists if |i(u')| -I- |-R(u')| > 2, first note that 
any element z G L{w) U R{'w) is associated with an interval (£{z),r(z)) which is 
empty, so any uniform embedding must place z at distance at least 1 from all other 
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embedded points. Since M contains only countably many such points, it follows 
that, if L{w) n R{w) is uncountable, then no uniform embedding exists. 

Assume L{w)U R{w) is a countable, and therefore nowhere dense subset of [0, 1]. 
Let z € L{w) \ {1} be an isolated point of L{w) U R{w). We can construct an 
increasing infinite sequence {xi},^Q so that [xq, z) n {L{w) U R{w)) ~ 0, and for all 
i, Xi+i = r{xi). If a uniform linear embedding tt exists, then |7r(a;i+i) — 7r(a;i)| < 1 
and |7r(xj) — 'K{xi)\ > 1 for all j > i + 2. This implies that {7r{xi)}i must be 
either decreasing or increasing. Moreover, since y > z > r{x) for all y > z > 
X, |7r(y) — 7r(a;,;)| > 1 for all y > z and i > 0. Therefore, either [7r(a;o),oo) or 
(— oo, 7r(j;o)] cannot contain any images from (z, 1]. 

For every isolated element of L(w) U R{w), we can construct such a sequence 
(increasing for elements of L{w), decreasing for elements of R{w)). Moreover, we 
can choose these sequences such that they fall in disjoint intervals. By the argument 
above, any sequence "blocks off" a half-line, where no images of the elements of the 
other sequences can be placed. If there are more than two sequences, this leads to 
a contradiction. Thus, no uniform linear embedding exists. 

□ 
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